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Abstract
Using the action for the instanton representation of Plebanski grav-
ity (IRPG), we construct minisuperspace solutions restricted to diago-
nal variables. We have treated the Euclidean signature case with zero
cosmological constant, depicting a gravitational analogy to free parti-
cle motion. This paper provides a testing ground for the IRPG for a
simple case, which will be extended to the full theory in future work.
1
1 Introduction
In [1] a reformulation of General Relativity has been presented, which we
refer to as the instanton representation of Plebanski gravity. The basic
variables for the instanton representation of Plebanski are a SO(3, C) gauge
connection Aaµ and a 3 by 3 matrix Ψae which takes its values in two copies
of SO(3, C). The instanton representation can be related to the Ashtekar
formulation of gravity [2] by a noncanonical transformation. As shown in
[1], both formulations of gravity can be seen as sister theories arising from
the same mother theory, namely Plebanski’s theory of gravity [3]. A first
order of business in the application of any new formulation is to test that it
can produce some known solutions, and the next natural step is to apply the
intuition thus gained to the construction of new solutions. In this paper we
will use the instanton representation to construct minisuperspace Euclidean
signature solutions, defined on the set of configurations where all variables
are spatially homogeneous.
The organization of this paper will be as follows. In the remainder of
this section we will provide some background on the instanton representa-
tion and its starting action, and then perform a restriction of this action to
minisuperspace. In section 3 we write down the equations of motion for the
reduced action. In section 4, starting from the minisuperspace equations of
motion, we carry out a restriction to the diagonal sector, verify the consis-
tency, and solve the resulting equations for zero cosmological constant. In
section 5 we construct the spacetime metric from the instanton representa-
tion variables. The reality conditions on the metric confine our solutions
to the Euclidean signature case. In section 6 we provide a summary of our
results and a brief discussion.
1.1 The starting action: Reduction to minisuperspace
The action for the instanton representation of Plebanski gravity is given in
3+1 form by [1]1
IInst =
∫
dt
∫
Σ
d3xΨaeB
i
eA˙
a
i +A
a
0B
i
eDiΨae
+(detB)N i(B−1)di ǫdaeΨae − iN(detB)1/2
√
detΨ(Λ + trΨ−1). (1)
1For index conventions we use lower case symbols from the beginning of the Latin
alphabet a, b, c, . . . to denote internal SO(3, C) indices, and from the middle i, j, k, . . . to
denote spatial indices, each taking values 0− 3.
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The dynamical variables are a SO(3, C) gauge connection Aaµ = (A
a
0, A
a
i )
and a 3 by 3 matrix Ψae ∈ SO(3, C)⊗ SO(3, C). The quantity
Bia = ǫ
ijk∂jA
a
k +
1
2
ǫijkfabcA
b
jA
c
k (2)
is the magnetic field of the spatial connection Aai , and we require that
(detB) 6= 0. The object Di is the SO(3, C) covariant derivative, which
acts on any 3-vector va ∈ SO(3, C) as
Diva = ∂iva + fabcA
b
ivc (3)
with structure constants fabc = ǫabc. The variable Ψae can be written as
Ψ−1ae = −
Λ
3
δae + ψae, (4)
where ψae is the self-dual part of the Weyl curvature tensor expressed in
SO(3) language. The Petrov type of a spacetime is determined accord-
ing to the degeneracy of the eigenvalues of ψae and the number of linearly
independent eigenvectors [4], [5]. From (4) we must have (detΨ) 6= 0, a
nondegeneracy condition which limits the equivalence of (1) with General
Relativity to spacetimes of Petrov Types I, D and O.
The quantities N and N i are the lapse function and shift vector from
metric General Relativity. The variables Aa0, N
i and N are auxiliary fields
whose equations of motion yield the Gauss’ law, vector and Hamiltonian
constraints
BieDiΨae = 0; ǫdaeΨae = 0; Λ + trΨ
−1 = 0. (5)
To construct a general solution for (1), the constraints (5) must be solved in
conjunction with the equations of motion for the dynamical variables Aai and
Ψae. The disentanglement of coordinate from physical degrees of freedom
in solutions to the equations of motion for General Relativity is a difficult
problem in part due to the inherent nonlinearity of the Einstein equations.
Due to the nature of the instanton representation variables, on any solution
to these equations one has a clean separation of physical from gauge degrees
of freedom. For the purposes of this paper, we will illustrate this feature for
the minisuperspace case.
1.2 Reduction to minisuperspace
In this paper we will construct spatially homogeneous solutions for the in-
stanton representation for zero cosmological constant. Rather than con-
struct these solutions directly from the equations of motion for (1), which
refers to the full theory, we will use a restriction of (1) spatially homogeneous
variables as the starting point. We will refer to this configuration, where the
2
dynamical variables are spatially homogeneous, as minisuperspace. Hence
the first order of business will be to set all spatial derivatives occuring in
(1) to zero, after which we will compute the equations of motion and some
solutions. Some useful relations for minisuperspace as so defined are
Bie = (detA)(A
−1)ie; Cae ≡ AaiBie = δae(detA). (6)
Note that the condition (detB) 6= 0 in minisuperspace is equivalent to the
condition that (detA) 6= 0, which will be used throughout this paper.
We will now reduce the action (1) to minisuperspace, reducing each term
in turn. First, the canonical one-form in minisuperspace reduces to
ΨaeB
i
eA˙
a
i = Ψae(detA)(A
−1)ieA˙
a
i ≡ Ψae(detA)X˙ae, (7)
where we have defined the left invariant one forms (left invariant with respect
to the group of time-independent coordinate transformations) X˙ae, given by2
X˙ae = (A−1)ieA˙
a
i . (8)
Next, the Gauss‘ law constraint, which is smeared by the auxiliary field Aa0
in (1), is given by the contraction of Bie with DiΨae, the covariant derivative
of Ψae seen as a SO(3, C) tensor of second rank
Ga = B
i
eDiΨae = B
i
e
(
∂iΨae + fabcA
b
iΨce + febcA
b
iΨac
)
. (9)
Using (6) and the spatial homogeneity of Ψae, then (9) reduces to
Ga = (detA)
(
faecΨce + febcδbeΨae
)
= −(detA)faceΨce (10)
on account of antisymmetry of the structure constants.
The vector constraint, which is smeared by the auxiliary field N i in (1),
upon making use of (6), simplifies to
Hi = (detB)N
i(B−1)di ǫdaeΨae = (detA)N
iAdi ǫdaeΨae, (11)
and the Hamiltonian constraint, smeared by the auxiliary field N , reduces
to
H = (detB)1/2
√
detΨ(Λ + trΨ−1) = (detA)
√
detΨ(Λ + trΨ−1). (12)
Using all of these results, then the starting action (1) reduced to minisuper-
space is given by
IInst =
∫
dt(detA)
[
ΨaeX˙
ae + (N iAdi −Ad0)ǫdaeΨae − iN
√
detΨ(Λ + trΨ−1)
]
,(13)
where we have omitted an insignificant numerical factor corresponding to the
characteristic length scale cubed of 3-space. In this paper we will consider
the case of nondegenerate magnetic fields, where (detA) 6= 0.
2This is purely for notational purposes, and is not meant to suggest that X˙ae is a total
time derivative except for certain special connection configurations.
3
2 Equations of motion
Using (13) as the starting action, we can write the equations of motion for
the auxiliary fields N i, Ad0 and N , given respectively by
Adi ǫdaeΨae = 0; ǫdaeΨae = 0;
√
detΨ(Λ + trΨ−1) = 0, (14)
where we have cancelled off a common factor of (detA) 6= 0. Equations
(14) are respectively the vector, Gauss’ law and Hamiltonian constraints
(Hi, Ga,H) in minisuperspace. Note that Gauss’ law and the vector con-
straints both imply that Ψae = Ψea must be symmetric.
Having examined the consequences of the initial value constraints, we
will now find the equations of motion for the dynamical variables Ψae and
Aai . The Euler–Lagrange equation of motion for Ψae from the Lagrangian
LInst in (13) is given by
∂LInst
∂Ψae
= X˙ae + faed(N iAdi −Ad0) + iN
√
detΨ(Ψ−1Ψ−1)ea = 0, (15)
where we have used (detA) 6= 0 and X˙ae from (8).
Next, to obtain the equation of motion for Aai we must vary (13) with
respect to Aai
d
dt
(∂LInst
∂A˙bj
)
=
∂LInst
∂Abj
. (16)
Note that the contributions from the constraint terms of (13) are directly
proportional to the constraints themselves, and therefore will vanish on-shell.
The only term not of this form is the ΨaeX˙
ae term, which will provide a
nontrivial contribution to the equations. So it remains to apply the Leibniz
rule to this term to obtain the desired equations. To keep organized, let us
compute the constituents of (16). The right hand side of (16) is given by
∂
∂Abj
(Ψae(detA)(A
−1)ieA˙
a
i )
= Ψae(detA)(A
−1)jb(A
−1)ieA˙
a
i −Ψae(detA)(A−1)id
(∂Adk
∂Abj
)
= Ψae(detA)(A
−1)jb(A
−1)ieA˙
a
i −Ψae(detA)(A−1)ib(A−1)jeA˙ai , (17)
and the left hand side upon using the Leibniz rule by
d
dt
(Ψbe(detA)(A
−1)je) = Ψ˙be(detA)(A
−1)je
+Ψbe(detA)(A
−1)md A˙
d
m(A
−1)je −Ψbe(detA)(A−1)jdA˙dm(A−1)me . (18)
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Putting the results of (17) and (18) into (16) and dividing by (detA) 6= 0,
then we have
Ψae(A
−1)jb(A
−1)ieA˙
a
i −Ψae(A−1)je(A−1)ibA˙ai
= Ψ˙be(A
−1)je +Ψbe(A
−1)md A˙
d
m(A
−1)je −Ψbe(A−1)jdA˙dm(A−1)me . (19)
Multiplying (19) by Agj and using the definition (8), the the equation of
motion for Aai is equivalent to the following equations
δbgΨaeX˙
ae −ΨagX˙ab = Ψ˙bg +ΨbgT˙ −ΨbeX˙ge, (20)
where we have defined T = δaeX
ae as the trace. So the equations of motion
for the instanton representation in minisuperspace can be written as
X˙ae + faed(−Ad0 +N iAdi ) + iN
√
detΨ(Ψ−1Ψ−1)ea = 0;
Ψ˙bg +ΨbgT˙ −ΨbeX˙ge − δbgΨaeX˙ae +ΨagX˙ab = 0.
Ψae = Ψea; Λ +
1
λ1
+
1
λ2
+
1
λ3
= 0, (21)
where λ1, λ2 and λ3 are the eigenvalues of the symmmetric Ψae.
3 Diagonal Ansatz
Having written down the desired equations of motion, we will further sim-
plify our analysis by restriction to the case where all variables are diagonal
Aai = δ
a
i A
a
a; Ψae = δaeΨee, (22)
with no summation over repeated indices. This can in one interpretation be
regarded as a the choice of a gauge. Our method for justifying the validity of
this choice will be to demonstrate that (22) is preserved by the equations of
motion in congruity with the constraints, both given in (21). In addition to
verifying this, we will also verify that the off-diagonal parts of the equations
of motion are self-consistently zero when the Ansatz (22) is applied. We
will divide this task into (i) Verifying that the antisymmetric parts of the
equations of motion vanish and (ii) verifying that the off-diagonal symmetric
parts also vanish.
3.1 Self-consistency of the off-diagonal components of the
equations of motion
We will first find the antisymmetric part of the X˙ae equations of motion by
contracting the first equation of (21) with faeg. This yields
2N iAgi = −
(
ǫaegX˙
ae − 2Ag0
)
, (23)
5
where the (Ψ−1Ψ−1)ae term has cancelled out on account of its being sym-
metric from the vector constraint. This enables us to solve for the shift
vector
N i = −1
2
ǫgae(A−1)igX˙
ae +Ag0(A
−1)ig
= −1
2
ǫgae(A−1)ig(A
−1)jeA˙
a
j +A
g
0(A
−1)ig. (24)
Since we are restricted to diagonal connections, the first term of (24) can be
written as
1
2
ǫijkAakA˙
a
j (detA)
−1 −→ 1
2
ǫiaaAaaA
a
a(detA)
−1 = 0, (25)
on account of antisymmetry of the epsilon symbol.3 The shift vector then
reduces to
N i =
Ai0
Aii
. (26)
So the antisymmetric part of the X˙ae equation of motion is self-consistently
zero for diagonal connections provided that the shift vector is given by (26).4
The symmetric part of the equations of motion are given by
X˙(ae) + iN
√
detΨ(Ψ−1Ψ−1)ea = 0;
Ψ˙bg +ΨbgT˙ −Ψ(beX˙g)e − δbgΨaeX˙ae +Ψa(gX˙ab) = 0. (27)
Note that any a 6= e components of the first equation of (27) automatically
are zero for diagonal variables. This is clearly the case for the second term,
and for the first term we have that the only nontrivial contribution is given
by (A−1)eeA˙
a
e = 0 for a 6= e. So certainly the off-diagonal symmetric part of
the X˙ae is zero. For the second equation of (27), using the fact that Ψae is
symmetric from the last equation of (21), then this implies that
−ΨbeX˙ge +ΨgeX˙eb = (Ψgg −Ψbb)(A−1)ibA˙gi = (Ψgg −Ψbb)(Abb)−1A˙gb = 0(28)
with no summation over g and b. For g = b the first factor is automatically
zero and for g 6= b the third factor is zero since it has a nondiagonal connec-
tion. So using the fact that the off-diagonal Parts of Ψae are zero, then their
time derivatives are also zero and they remain zero for all time. The result
is that all off-diagonal components of the equations of motion are zero for
diagonal Ψae and diagonal A
a
i , which means that the diagonal Ansatz (22)
is consistent for these components. All that remains is to find the diagonal
components of the equations of motion.
3The left hand side of (25) looks like a kind of orbital angular momentum on the space
of homogeneous connections. This term is zero when the connection is diagonal.
4Equation (26) features a direct correlation between the gauge degrees of freedom in
metric General Relativity, the shift vector N i, and in Yang–Mills theory, the temporal
connection components Aa0 . The result is that the spatial and internal indices i, j, k →
a, b, c are now on the same footing for these particular degrees of freedom.
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3.2 Diagonal components of the equations of motion
We have shown that the off-diagonal components of the evolution equations
(21) are zero when diagonal variables (22) are used. Moreover, this result
is preserved under time evolution. It remains now to evaluate the diagonal
components of these evolution equations. Only e = a will contribute in the
first equation of (21) and b = g in the second equation. Thus far we have
used the Einstein summation convention, but from now on we will dispense
with it to keep clear what is being summed over from what is not. The
diagonal components of (21) for diagonal variables are
X˙aa = −iN
√
detΨ(Ψ−1Ψ−1)aa;∑
a′
Ψa′a′X˙
a′a′ −ΨggX˙gg = Ψ˙gg +ΨggT˙ −ΨggX˙gg = 0. (29)
Note that g is a fixed index while a′ is a dummy index in the second equation
of (29), whereas a is a fixed index in the first equation. We will illustrate
the case for g = 1, with the remaining cases to follow by cyclic permutation
of indices. For g = 1 we have
Ψ11X˙
11 +Ψ22X˙
22 +Ψ33X˙
33 = Ψ˙11 +Ψ11(X˙
11 + X˙22 + X˙33)
−→ Ψ˙11 +Ψ11(X˙22 + X˙33) = Ψ22X˙22 +Ψ33X˙33. (30)
Defining Xaa ≡ Xa and Ψaa ≡ λa5 with all off-diagonal terms zero, then we
have the equations
X˙1 = u
( 1
λ1
)2
; X˙2 = u
( 1
λ2
)2
; X˙3 = u
( 1
λ3
)2
, (31)
where we have defined
u = −iN
√
λ1λ2λ3. (32)
For the eigenvalues we have the equations
λ˙1 = (λ2 − λ1)X˙2 + (λ3 − λ1)X˙3;
λ˙2 = (λ3 − λ2)X˙3 + (λ1 − λ2)X˙1;
λ˙3 = (λ1 − λ3)X˙1 + (λ2 − λ3)X˙2. (33)
To find the critical points of the action (13), we must solve (31) and (33)
simultaneously.
5We have identified the diagonal elements of Ψae with its eigenvalues, which is consis-
tent with the fact that the off-diagonal elements are zero.
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3.3 General solution for Λ = 0
To obtain a general solution to (31) and (33), let us first eliminate Xa by
substituting (31) into (33), obtaining
λ˙1 = u
[λ2 − λ1
(λ2)2
+
λ3 − λ1
(λ3)2
]
;
λ˙2 = u
[λ3 − λ2
(λ3)2
+
λ1 − λ2
(λ1)2
]
;
λ˙3 = u
[λ1 − λ3
(λ1)2
+
λ2 − λ3
(λ2)2
]
. (34)
Also, summing equations (31), we have
X˙1 + X˙2 + X˙3 = T˙ = u
[( 1
λ1
)2
+
( 1
λ2
)2
+
( 1
λ3
)2]
. (35)
In what follows we will perform all manipulations on the λ1 equation, where
the other equations follow by cyclic permutation of indices. The equation
of motion for λ1 can be written as
λ˙1 = u
[ 1
λ2
+
1
λ3
− λ1
(( 1
λ1
)2
+
( 1
λ2
)2
+
( 1
λ3
)2
−
( 1
λ1
)2)]
= u
[ 1
λ1
+
1
λ2
+
1
λ3
−
( 1
λ1
)2
−
( 1
λ2
)2
−
( 1
λ3
)2]
. (36)
Using the Hamiltonian constraint
Λ +
1
λ1
+
1
λ2
+
1
λ3
= 0, (37)
in conjunction with (35) in (37), then we get the following equations of
motion
λ˙1 + λ1T˙ = Λu; λ˙2 + λ2T˙ = Λu; λ˙3 + λ3T˙ = Λu. (38)
We could construct some simple solutions, if we could get rid of the incon-
venient term u from (32) in the equations. One obvious way is to consider
the Λ = 0 case as we will do in this paper. Then (38) integrates directly to
λ1(t) = αe
−T (t); λ2(t) = βe
−T (t); λ3(t) = λe
−T (t), (39)
where α, β and λ are numerical constants of integration satisfying the rela-
tion
1
α
+
1
β
+
1
λ
= 0. (40)
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Note that the Hamiltonian constraint (37) is preserved for all time for Λ = 0
for the solution (39), since it is invariant under rescaling of the eigenvalues.
Putting this solution back into (35) we get the following equation to T
T˙ = −iN
√
αβλ
[( 1
α
)2
+
( 1
β
)2
+
( 1
λ
)2]
eT/2. (41)
Defining
η =
√
αβλ
[( 1
α
)2
+
( 1
β
)2
+
( 1
λ
)2]
(42)
as well as the objects
η1 =
√
αβλ
( 1
α
)2
; η2 =
√
αβλ
( 1
β
)2
; η3 =
√
αβλ
( 1
λ
)2
, (43)
then (41) can be solved firectly for T
T˙ = −iNηeT/2 −→ e−T/2 = e−T0/2 + i
2
η
∫ t
0
N(t′)dt′. (44)
From (44) the solutions for Xa automatically follow
Xa(t) = Xa(0) +
ηa
η
T (t). (45)
The motion of Xa is the same as that of a free particle in a three dimensional
configuration space with momentum components ηa/η constrained by a mass
shell condition (40). The coordinates of this particle evolve with respect to
a time T . Note that there is complete freedom in the choice of the lapse
function N(t), which provides an equivalence class of such motions.
4 The spacetime metric
Having written down the solution for the variables of the instanton repre-
sentation, we can now construct the spacetime metric solving the Einstein
equations for minisuperspace. Recall from [1] that the 3-metric is a derived
quantity given by the following simple formula
hij = (detΨ)(Ψ
−1Ψ−1)ae(B−1)ai (B
−1)ej(detB). (46)
Using (6) for minisuperspace, we have
hij = (detΨ)(Ψ
−1Ψ−1)aeAaiA
e
j , (47)
9
which for the case of diagonal variables is given by the following matrix form
hij(t) = (λ1λ2λ3)

 (a1/λ1)
2 0 0
0 (a2/λ2)
2 0
0 0 (a3/λ3)
2

 ,
where aa = A
a
a are the elements of the (diagonal) connection given by
a1(t) = a0e
X1(t); a2(t) = a0e
X2(t); a3(t) = a0e
X3(t), (48)
and a0 is some numerically constant mass scale. Note that the eigenvalues
λa also have explicit time dependence from the solution (39). Hence the
metric can be written explicitly as
hij(t) = αβλ

 (a1(0)/α)
2(eT )2η1/η−1 0 0
0 (a2(0)/β)
2(eT )2η2/η−1 0
0 0 (a3(0)/λ)
2(eT )2η3/η−1


where aa(0) are the initial data for the connection and
eT =
(
e−T0/2 +
i
2
η
∫ t
0
N(t′)dt′
)
−2
= (detA(t))/(detA(0)). (49)
Reality conditions dictate that the spacetime metric gµν be real, regardless
of the complex nature of the dynamical variables. The line element for
Lorentzian signature spacetimes is given by
ds2 = gµνdx
µdxν = −N2dt2 + hij(dxi −N idt)(dxj −N jdt), (50)
which is based on a real lapse function and real shift vector N,N i. Any
complex number with real and imaginary parts a and b can be written as a
polar decomposition
a+ bi =
√
a2 + b2eitan
−1
(b/a). (51)
Since the temporal connection components Ai0 are not constrained by the
constraints or equations of motion, then the shift vector N i = Aii/A
i
0 can
always be made real by choosing the phase angle of Ai0 to exactly cancel
that of the corresponding diagonal elements ai.
This leaves remaining the reality conditions on the lapse function N
and the spatial 3-metric hij . Since the entire time dependence of hij(T ) is
contained in eT , then one possibility is that eT must be real for all time.
We will assume that the initial data a1(0), a2(0) and a3(0) must chosen
so that their ratios to α, β and λ respectively are real, where the latter
are constrained by (40). This should be possible since there are no other
constraints on this initial data aa(0).
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Case (i): For N real the following conditions must be satisfied. The quantity
η must be pure imaginary so that eT in (49) is real for eT0/2 real. From (42),
one sees that this can be the case if α, β, λ are all real and either all negative
or two items out of this set are positive with one item negative. The latter
is the only possibility consistent with the Hamiltonian constraint (40). This
makes hij negative, which is the same sign as the N
2 part of the metric.
Therefore this corresponds to Euclidean signature spacetime.
(ii) Case (ii): For N pure imaginary in (49) it is possible to have η real with
eT0/2 real, so that eT is real. Since the N2 part of the metric is now positive,
then to have a Lorentizan signature metric we would need hij negative. This
is impossible since we need two items out of the set α, β, λ to be positive
with one item negative, which contradicts the requirement that be η real.
5 Summary
In this paper we have constructed solutions for the minisuperspace-reduced
instanton representation action for gravity, restricted to the Euclidean sec-
tor for diagonal variables. The Gauss’ law and vector constraints were au-
tomatically satisfied, leaving remaining the Hamiltonian constraint which
is a simple algebraic relation. The clean separation of physical from un-
physical degrees of freedom was inherent from the equations of motion via
three intermediate results: (i) First, the diagonal degrees of freedom evolved
separately from the nondiagonal ones. Hence the choice of zero for the lat-
ter was physically justified, perhaps interpretable as a gauge-fixing choice.
(ii) Secondly, the shift vector N i, a coordinate-dependent degree of freedom
in metric gravity, correlates to the temporal connection component Ai0, a
gauge-dependent degree of freedom in gauge-theory as in (26). (iii) The
lapse function N is also, in metric gravity, a coordinate-dependent degree
of freedom, and is freely specifiable (e.g. not fixed by equations of motion
alone) in the instanton representation. However, from (49) one sees that
the spatial metric components hij can be written in a relational matter such
that the lapse function N does not explicitly appear. Hence the entire time
evolution of the theory reduces to an evolution in T = lndet(A)/a30),
6 la-
belled by the initial data aa(0) and α, β. We have constructed solutions of
Euclidean signature for Λ 6= 0.
The Euclidean signature case in General Relativity is important for quan-
tum gravity because it deals with gravitational instantons, which comprise
the dominant contribution to the path integral for gravity after a Wick ro-
tation to imaginary time. The next paper we will treat the Λ 6= 0 case, and
subsequently the full theory taking full gauge-fixing into account.
6The interpretation is that T can be regarded as a time variable on configuration space,
a dynamical degree of freedom with respect to which the remaining variables evovle.
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